The classic first-order thrust approximation for solar sails is analytically extended to include the effects of secondary reflections and generalized in a practical Finite Element Model (FEM) based routine. Examination and inclusion of secondary reflection forces are shown to grow increasingly non-trivial as the deformation becomes more extreme. The approach taken herein does not address the "billow" deformation of a sail, rather the focus is on heavily corrugated sail topologies such as those present during the unfolding of a zfolded membrane. First, a second-order thrust estimation for a simple corrugated section is developed. These results are then used to verify an FEM based thrust estimation for a similar generic surface geometry that does not consider any elastic membrane behavior. Finally, the FEM approach is used in characterizing the thrust production of a specific micro-solar sail design with severely corrugated topology. Results show that secondary reflections can have a significant effect on the thrust and control of the sail depending on the craft orientation and the ability of the sail structure to achieve the ideal flat surface.
Nomenclature

A
= total surface area C = area fraction coefficient dA = element surface area F = first-order force f = secondary reflection force k = scalar N = total sail normal n = element normal P s = solar radiation pressure r = reflection coefficient s = reflection vector t = tangential sail direction u = outward sun vector x = vector coordinate α = sail pitch/solar incidence angle β = sail roll angle ρ = specular coefficient θ = local angle φ = surface function a = absorption component n = non-specular component r = specular reflection component
I. Introduction
HE solar sail is a unique propulsion device providing extensive possibilities for missions within our solar system. Designing a sail for a particular mission has classically been driven by mass, sail area, and mission pointing requirements. Generally a flat sail membrane is ideal, and consequently most sail design efforts have been directed toward designing sail membranes that are as large and flat as possible. Subsequently, the thrust profile is still largely determined by first-order estimates. On an individual basis, small corrections can be made based on a wide array of effects from wrinkles 1 , sail degradation 2 , non-point sources 3 and others while hardly altering this characteristic thrust profile which goes as the cosine of the incident solar angle.
The form of the ideal thrust profile can in general cases be determined with a high degree of accuracy from the flat-plate approximation, but that approach has limitations. A bulk of corrections to this thrust model have been made from first-order considerations and for specific sail designs based on the billowing of the sail material 4, 5 . More complex sail surfaces require a higher orders of estimation than offered by these methods, and inclusion of the secondarily reflected beam interactions is examined here as a higher fidelity extension of the classic methods. Tertiary reflections may still be considered to lie outside of any range that would offer significant thrust corrections even at high values of incidence angle and significant surface deformation; therefore tertiary affects are not presently considered.
The thrust prediction model developed in this study begins with a two dimensional analytic approach and is extended to three dimensions. A thrust model for generic topology is then developed and results are generated for the Finite Element Model (FEM) representation of this simple problem to verify the thrust model results. Finally, the verified thrust model is applied to characterize the thrust behavior of a specific micro-solar sail design, the synchronous deployed solar sail 6 .
II. Two-Dimensional Model Development
The two dimensional model represents a single corrugation trough as illustrated in Fig. 1 . Consideration of this model serves to both illustrate the relevant thrust behaviors and later verify the thrust model results for a FEM representation of the corrugated section. The interaction of two planar sail sections are defined by the local separation angle, the area of each section and the pitch angle of the sun vector relative to the centerline normal. The local angle (θ) may be varied from a trivial case at 0° to a full 180° which would correspond to an ideal flat plate. The main interactions for a beam of solar radiation can be considered in three steps. First, force is imparted as a complete absorption of the incident radiation pressure. Second, a reaction force is calculated for the specularly reflected beam. A third component is then computed for the non-specular reflection which is oriented normal to the sail surface without considering Lambertian 4 effects. The reflection coefficient for a surface denotes the fraction of the incident radiation which is reflected from the surface. Then the component forces for each plate include an absorption force as in Eqs. (1 and 4) , a reaction force from the specular component shown in Eqs. (2 and 5) , and a generally smaller non-specular force in Eqs. (3 and 6) .
In Eqs. (1-6) the bracketed terms are the vector transformations from a plate's normal to the sail's normal with N and t being orthogonal unit vectors as defined in Fig. 1 . In summing the forces for each plate, we have the firstorder approximation for the sail force that has been previously defined by McInnes 3 . This first-order approximation neglects thermal emissivities and is only dependent on the orientation and optical properties of the individual plates. Characterizing the interaction between plates is the key to predicting secondary thrust effects and thus will be the focus of the remaining study.
A second-order approximation is necessary and significant when there exist geometric conditions for which all or a large portion of the initially reflected light may be expected to interact with an opposing surface. This physical condition is valid for several solar sail cases. One example is the deployment of a z-folded membrane. Another is the heavily corrugated surface of the spiral-wrapped surface used in the synchronous deployed micro-solar sail 6 design. Characterizing the thrust profile for his design was the standing goal of this study.
The secondary analysis can proceed along the same lines as the first. In fact, from a computational standpoint the previous calculations provide nearly all of the information needed to predict the secondary interactions for this simple two dimensional problem.
Take for example the sun vector incident on A 1 as shown in Fig. 1 . The reflected beam carries an equal and opposite force which is evenly projected from A 1 at an angle α 1 from its local normal which projects a normal area proportional to the cosine of α 1 . The fraction of this area obscured by the second plate constitutes the fractional force absorbed in the second interaction. The specular reaction force from this second absorption is again reduced by the product of r and ρ as in Eqs. (2 and 5), which is simply an effect of the sail material's optical properties.
The area fractions for the two plates are defined by Eqs. (7 and 8) for plates 1 and 2, respectively. Where C 12 defines the area fraction incident on A 2 from A 1 or the fraction of force transferred from 1 to 2.
It should be noted that the secondary reflection force only needs to be considered when the coefficients are between 0 and 1. If the coefficient is negative then none of the force is transferred in the interaction, and it is set to 0. The coefficients are set to 1 for a complete transfer of force if they are larger than 1 as illustrated in Fig. 2 . To account for shadowing of the plates when the sun angle α exceeds θ/2, a similar coefficient can be applied to the first-order equations. 
Similarly A 2 is subject to secondary forces defined by Eqs. (12-14).
Combining Eqs. (7-14) produces a second-order addition to the initial force estimate declared in Eqs. (1-6). As a side note, these equations are closely related to those used to evaluate membrane temperatures; therefore, they may also be considered for a better approximation of the thermal effects in the sail through addition of the secondarily reflected energy transfer. Thermal effects were not considered in the present investigation.
III. Two-Dimensional Results
The analysis displayed here was done over a range of local angles assuming ideal optical properties and 1 AU solar distance. Results have further been reduced to components based on the classic first-order calculations and those based on the secondary reflection. These results serve to illustrate the significance of the secondary analysis.
As expected, the analytical solution approaches that of the ideal flat plate as the local angle θ approaches 180°. Conversely as θ decreases, the spread of the trough narrows causing total thrust production to decrease. As the angle is further decreased, the second-order thrust influence becomes a visibly significant fraction of the total force both normal and tangential. It is also interesting to note that with narrow local angles such as the 100° case shown in Fig. 3c , that secondary reflections have a significant influence even when the pitch angle is 0°. In general the secondary reflection becomes increasingly non-trivial with lower local and higher pitch angles as shown sequentially in Fig. 3 . Also noteworthy is that the corrugated trough outperforms the ideal flat plate in force production within a narrow band of steep pitch angles. This effect seems at least somewhat intuitive since at highly off-axis sun angles, the corrugation would keep half of the sail at a more normally favorable orientation.
These analytical results show a clear contribution of secondary thrust effects toward total normal and tangential thrust production over a wide range of cases. Even at low deformations (θ >160°) when the secondary normal thrust effects are not significant the secondary tangential thrust component may still be several times larger than the firstorder approximation as evidenced in Fig. 3a near the 70° pitch angle. Secondary thrust effects have been shown to warrant consideration in more realistic three-dimensional topologies, and the previous model will therefore be used to calibrate the subsequent FEM model.
IV. Three Dimensional Model
To extend the forces to a three dimensional model, a vector approach is necessary. It is also simpler to formulate than the system of equations 1-14 derived for the analytical one and two dimensional models. The forces at work on a given surface may again be defined locally by two parameters: the surface normal vector and the sun vector. Their relative orientation determines the solar angle of incidence for the element of area dA and the resulting force vectors diagramed in Fig. 4 . A surface geometry can be extended from the simple two-plate case to a fully generalized surface by defining a function φ(x) = 0 for which the surface is a solution and the local normal is defined in Eq. (15) by Georgevic 5 .
( ) ( )
The initial force incident on an area element of the solar sail is roughly equal to the local solar pressure acting on the effective projected area characterized by a local angle of incidence (i.e. the distinction between α 1 and α 2 in Eqs. (1-13) ). The true angle of incidence is defined as the pitch angle of the sailcraft's global normal vector with respect to the impinging light source.
Forces here are again listed in a step-wise manner similar to that presented above which makes the succession of force contributions easier to follow. In complete interaction, force is transferred by the initial absorption of the light and then decomposed into the specular and non-specular reflection forces.
Where the two forms for dF r1 are equivalent since the dot product of u and n is equivalent to the cosine of α and will be positive for the applicable range of α. Applying this as a conditional operator accounts for the shadowed regions where the surface normal points away from the light source. The associated non-specular reflection can similarly be characterized by Eq. (18).
All together, these forces constitute our first-order force approximation as integrated over the surface previously defined by φ(x) = 0 as shown in Eq. (19).
( )
It is worthy to note that the force computation using an FEM approach lends itself to performing another calculation not considered up to this point, solar sail torque production. For the purpose of position and attitude control, we must consider the associated torques in addition to the thrust. While it was not explicitly calculated in the two dimensional model, the FEM approach allows the torques to simply sum as the cross product of the resulting force on each element with their position relative to the origin set at the sail center.
Concerning the secondary reflection in three dimensions, it is advantageous to calculate the force from a reflected beam as a contribution of the reflecting element. Consider the reflected beam directed along s from a point or element on the surface φ. It carries all of the reactive force imparted to the position/element for which a force is being computed. What must be determined is first, if the reflected beam is incident on another part of the surface and second, the local angle of incidence (with local surface normal) for the forces to be calculated.
Conditionally, the beam defined by s must intersect the surface defined by φ constrained by the starting position x 1 where it is evaluated. Vector algebra gives Eq. (20). 21) is implied.
If the secondary reflection is intercepted, then Eq. (21) must be satisfied by the smallest positive value of k. The second normal n 2 is then defined by the local properties of φ which is determined in satisfying Eq. (21). That means the normalized n 2 is solution of Eq. (15) for x 2 . At this point it is necessary to distinguish between the analytical solutions and purely finite element approach.
If a surface can be simply parameterized, such as shallow paraboloid or sphere, then the secondary contributions from any reflection for any number of finite elements may be explicitly calculated. This can further be extended into an iterative process between a FEM and solar force computation if small deflections from the parameterization are assumed (this preserves the form of the second-order forces as calculated). But to analyze a complex surface from a FEM without a parameterization becomes more computationally expensive as Eq. (20) must be calculated for each element and an incident criteria applied. The FEM oriented approach was pursued as it is more applicable to the micro-solar sail configuration of interest which has a relatively complex parameterization that incorporates several discontinuous functions.
When considering this secondary interaction in the general FEM, a reflection vector is almost guaranteed to miss a true intersection with another defined point of the model. This necessitates a set of criteria to determine if a reflection has been intercepted by another part of the surface. The model developed implemented interception criteria for both reflection and shadowing effects but the details of this are not discussed further. The exception is to note that subjective variables of the criteria were set within ranges for which the solution was observed to be acceptably invariant based on agreement with the analytic model derived above.
Providing that the conditions for an interception are met, the second-order corrections take on the elemental form below following again from the previously calculated forces.
This is the FEM applicable form, and substitution of Eqs. (16-18) with explicit solves for the secondary vectors would provide the purely analytic formulation. Equations (22-24) are reported as they are the forms of the secondorder equations used in the thrust model analysis of the solar sail FEM.
V. Three Dimensional Thrust Model Results
Verification of the general three dimensional thrust model followed two test cases. The first and most trivial was testing results for a flat plate with the FEM representation. Those results were found to be collinear with the analytical solution. The secondary reflection contribution to this case was also zero as should be expected.
The second and more important verification came in comparison of the three dimensional case of the secondorder analytic model. Results from the thrust model match well with the analytical solutions over a large range of local angles shown separately for first-order and secondary forces in Fig. 5 . The main disagreement between the model and solution begins after the onset of shadowing (α ≥ θ/2) which itself is computed as a secondary effect. θ (180°, 160°,  140°, 120°, 100°, 80°, 60°, 40°) . Results are separated into (a) first-order estimates and (b) full secondary reflection treatment for moderately low FEM resolutions.
The discrepancies between the analytical result and the model occur at high α and at low α when there is an expected second-order contribution (may also reference Fig. 3 ). The discrepancy from shadowing effects at high α and the secondary reflection are observed to converge to the analytical solution as in Fig. 6 with increasing element resolution. The secondary reflection regions of discrepancy also display this resolution dependence but are also largely subject to the incident criteria mentioned earlier. If the force contributions from the first-order and secondary reflection are considered separately, nearly all appreciable error is found to lie with the second-order approximations which are still highly agreeable to expected values with even moderate resolution. Comparison of the model with the analytical solution over several cases provided both a reasonable confidence in the model veracity and a basis for error estimation.
VI. Micro-Solar-Sail Thrust Model Application
The micro solar sail of interest measures less than five meters on a side and is separated into sections (gores) by tensioning cables in a distinctively offset radial pattern. This sail as illustrated in Fig. 6 is designed to unwrap in a strictly deterministic manner which stores the sail folded and flat against the inner hub. 7 During deployment each tensioning line alternately defines a peak or valley in the sail topology. The result is a final surface that is significantly corrugated. 6 Consequently a more detailed thrust model should be considered or one risks encountering unanticipated behavior associated with the non-planar geometry. In order to render the sail in the greatest detail possible and still provide for reasonable computation time, the sail was originally parameterized as a single quadrant and subsequently reduced to pairs of opposing gores. This further reduction was done on the assumption that the bulk of secondary interactions takes place between these pairs in the same way it does between the two surfaces in the analytic model. This is additionally good reason for using the analytic model results as a test case. Reduction of the FEM to gore pairs neglects any cross-pair interactions which are reasonably expected to be minimal for the given geometry.
In lieu of precise values for the optical properties of the sail, the first simulations and resolution tests were run with assumed values for good aluminum coated reflectors. The actual properties are not expected to vary significantly and the simulations can be taken with reasonable consideration to be an accurate characterization of the thrust profile.
Initial results are illustrated in Fig.8 for the micro-solar sail outlining the full second-order thrust estimates. Near the fully deployed state, it is obvious that the results are very close to what may be expected from a real flat sail. Initial results using the thrust model as calibrated for the analytic case had proved to be insufficient and generated results were about a third of the expected magnitude as measured against a projected area analog. This was due to a fine tuning parameter in the shadowing criteria which was corrected for the real case in obtaining the reported results. When considering the normal force, corrections of 1-3% from secondary reflection may or may not justify the application and computational expense of the thrust model. This is especially true when considering the inherent error in transferring results from a non-deformed FEM approximation to a real sail with additional uncertainty in the precise state of deployment. However, the other force and torque components are adjusted anywhere from ten to sixty-plus percent with the secondary reflection. These components directly and substantially affect the sail thrust vector and control. The consideration of these additional forces is an essential step. Reported results are for a 90% deployed state which is very close to the nominal operating configuration for the synchronous deployed solar sail. One of the significant and unanticipated aspects of the results is the sign of the secondary force. It appears anomalous at first glance that the secondary normal force on the real sail should be negative while all results for corrugated sections suggest the secondary reflection contribution should be purely additive. The explanation lies in the continuously curving nature of the sail. To transfer from a small local angle near the hub to a larger θ value near the edge, the geometry must gradually curve outwards. This curvature results in an additional variance of the second reflection vector from the ideal normal. The reaction force is decreased and becomes insufficient to counter the second absorption force which generally acts against the desired normal thrust.
VII. Conclusions
The two dimensional solution and thrust model demonstrate the necessity for computing the secondary reflection forces. Extending the thrust model to a general three dimensional geometry and FEM applicable algorithms is an essential step in solar sail thrust modeling. The simulated thrust profile results for the micro solar sail are generally unremarkable. That is to say that it achieves a characteristic flat plate like thrust profile close to ideal for a real sail despite its corrugated surface as was expected.
As outlined here, the secondary reflection analysis is performed explicitly for solar sails, but the generality of the thrust model may also be extended in the future for several similar applications. The model may calculate corrections to the thrust or thermal contributions to or from the solar sail payload or include multiple radiation sources for planetary rendezvous and near-Sun missions.
Additionally, the thrust modeling tool developed here is independent of the specific sail design analyzed and promises an effective and relatively quick method for analysis of thrust for other real sail designs. A better understanding and utilization of the secondary reflection may suggest new and innovative sail design in the future.
